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Abstract
A new class of one-factorizations of the complete multigraph K2h+1+2 is constructed for
every = 2k , with 16k6h. Furthermore, some connections with blocking sets in PG(2; 2h) are
established. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
A one-factor of a complete graph K2n is a set of n pairwise disjoint edges which par-
tition the set of vertices. A one-factorization of K2n is a set of 2n−1 one-factors which
partition the set of edges. In other words, a one-factorization of K2n is a single round
robin tournament with 2n teams, where each team meets every other team exactly once.
Suppose now that each team is to meet every other team exactly  times, for some
¿1. Such a schedule can be obtained by combining any  schedules — either identical
or not — for a single round robin tournament. This yields a so-called one-factorization
of the complete multigraph K2n (brie=y, OF(2n; )). If the one-factors are pairwise
distinct then OF(2n; ) is said to be simple. Furthermore, OF(2n; ) is called decompos-
able if there exist positive integers 1 and 2, with 1+2=, such that it is the union of
one-factorizations OF(2n; 1) and OF(2n; 2). Henceforth, an indecomposable OF(2; )
will be denoted by IOF(2n; ). For a comprehensive survey on one-factorizations see
[7,9,10].
The only known in@nite classes of indecomposable one-factorizations are a sim-
ple IOF(2n; n − 1) whenever 2n − 1 is prime [3], a simple IOF(2( + p); ) where
¿ 2 and p is the smallest prime which does not divide  (see [1]), and a class of
one-factorizations of multigraphs arising from ovals in @nite projective planes of odd
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order [6]. Furthermore, in [3] it is pointed out that any IOF(2n; ) can be embedded
in a simple IOF(2s; ), provided that ¡ 2n6s.
Our main results can be summarized by the following two theorems.
Theorem 1.1. There exists a simple OF(2n; ) for every n=2h−1 +1 and =2k ; with
k6h.
Theorem 1.2. Assume that OF(2h+2; 2k) with k ¡h arises from a Denniston maximal
arc. Then OF(2h + 2; 2k) is decomposable into 2k−1 copies of a IOF(2h + 2; 2).
2. Maximal arcs and hyperovals
A k-arc of degree n (brie=y, a (k; n)-arc) in a @nite projective plane of order q is
a set K consisting of k points such that no line meets K in more than n points, and
some line meets K in exactly n points. A (k; n)-arc for which k=(n− 1)q+ n is said
to be maximal. For a comprehensive survey on (k; n)-arcs see [5, Chapter 12].
An in@nite family of maximal (k; n)-arcs in PG(2; q); q = 2h, is due to Denniston
[4]. The idea behind this construction is to put together some ovals in the following
manner.
Let X 2 + bX +1 be an irreducible polynomial over GF(2h), and let L be the pencil
of conics C with equations
X 2 + Y 2 + bXY + ;
where  ranges over GF(2h). Any two members of L are disjoint in PG(2; 2h), but
they have the same nucleus N in the origin (0; 0). Since GF(2h) under addition is an
elementary abelian 2-group, it contains subgroups of every order 2k with 16k6h. Let
H denote one of these subgroups, and let 0 denote its zero element.
Theorem 2.1 (Denniston). The union
⋃
∈H\{0}
C ∪ {N}
is a maximal (k; n)-arc of PG(2; 2h); with k = (q+ 1)(|H | − 1) + 1 and n= |H |.
3. Proof of main results
In this section we @x a regular hyperoval C — that is, a conic together with its
nucleus — and consider a complete graph K2h+2 whose vertices are the points of C
and whose edges are the chords of C. We consider only those one-factors which arise
from points outside C by projection. In fact, each set  of points outside C de@nes a
simple one-factorization of the complete multigraph K2h+2 provided that every chord
of C meets  in exactly  points. Note that this condition is certainly satis@ed by any
A. Sonnino /Discrete Mathematics 231 (2001) 447–451 449
maximal (k; n)-arc K containing C entirely, where  consists of all points of K not
on C and = n− 2.
For every regular hyperoval C there is a Denniston arc containing a hyperoval
projectively equivalent to C; hence, there exists an OF(2h + 2; ) for every  = |H |,
with |H | as in Theorem 2.1. In the remainder of this section we shall prove that such
an OF(2h + 2; ) is indecomposable if and only if = 2.
Lemma 3.1. Every OF(2h+2; 2) arising from a hyperoval C contained in a Denniston
arc D is an IOF(2h + 2; 2).
Proof: Suppose on the contrary that OF(2h+2; 2) is decomposable. Then  splits into
two sets 1 and 2 of size q+ 1 such that |i ∩ ‘|= 1; i= 1; 2, for every chord ‘ of
C. By a result due to Segre and KorchmMaros [8], such a  would be a line completely
contained in D, a contradiction.
Let D be a Denniston arc of PG(2; 2h) associated to an additive subgroup H of
GF(2h). Since |H |= 2k , with k6h, then
H =
⋃
u∈H\{0;1}
{0; 1; u; u+ 1}:
Now, @x 1 ∈ H and set
NH = H=〈1〉:
For every u ∈ H\{0; 1} the corresponding coset {u; u + 1} ∈ NH yields a subgroup of
H of order 4, namely,
{0; 1; u; u+ 1}:
From a geometrical point of view, this means that any OF(2h + 2; ) arising from the
hyperoval C1∪{N} contained in D is decomposable into =2 copies of an IOF(2h+2; 2).
4. One-factorizations and blocking sets
The parameter  of the OF(2h+2; ) constructed in the preceeding sections is even.
We do not know whether our technique can also provide some examples for odd values
of . The following lemma shows that the answer to the existence problem of such an
OF(2h+2; ) might come from the well developed theory of blocking sets in PG(2; 2h).
Recall that a blocking set in PG(2; q) is a subset of points which meets every line but
contains no line completely. For an account of blocking sets the reader is referred to
[5, Chapter 13].
Lemma 4.1. Let  be a regular hyperoval in PG(2; 2h); that is  consists of the
points of an irreducible conic together with its nucleus. Let  be a point-set of
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PG(2; 2h) which meets each chord of  in a constant number  of points. If  is odd
then  is a blocking set of PG(2; 2h).
Proof: We show @rstly that  ∪  is a blocking set. Assume on the contrary that
a line ‘ is disjoint from  ∪ . Consider the aOne plane AG(2; 2h) whose in@nite
line is ‘, and identify the points of AG(2; 2h) with the elements of GF(22h). Note
that three points in AG(2; 2h) are collinear if and only if the corresponding elements
x; y; z ∈ GF(22h) satisfy (x−y)2h+1−1=(x−z)2h+1−1. Furthermore, the points z satisfying
z2
h+1=1 form an irreducible conic which may be assumed to be the conic arising from
the regular hyperoval .
Now, let  consist of the points b1; : : : ; b(2h+1). Following an idea due to Blokhuis
and Wilbrink [2,5, Theorem 13:36], de@ne the polynomial
f(Z) =
(2h+1)∑
j=1
(Z − bj)2h−1:
For each z ∈ , the value of f(z) turns out to be  times the sum of certain 2h + 1
pairwise distinct non-zero elements, each of which is a (2h+1)th root of the unity. By
[5, Lemma 13:44], f(z) = 0 for any z ∈ . Since  has more than 2h − 1 points, the
polynomial f(Z) must be identically zero. On the other hand, the leading coeOcient
of f(Z) is equal to (2h + 1); this yields  ≡ 0 (mod 2), a contradiction.
Now, we are in a position to show that  itself is a blocking set. In fact, if  was
not a blocking set then there would be a line ‘ missing  and intersecting ; on the
other hand, every line of PG(2; 2h) meeting  is a chord of , hence |‘∩|= ¿ 0,
a contradiction. This completes the proof.
Lemma 4.1 together with some results on t-fold blocking sets allow us to settle the
existence problem of an OF(10; 3) arising from a hyperoval in PG(2; 8). Recall that a
t-fold blocking set is a set B such that each line contains at least t points of B and
some line contains exactly t points of B. A t-fold blocking set is called irreducible or
minimal if it does not contain any t-fold blocking set properly.
Theorem 4.2. No OF(10; 3) arises from a hyperoval in PG(2; 8).
Proof: To prove Theorem 4.2 we only need the non-existence of a blocking set of
cardinality 27 in PG(2; 8). This follows from previous results, as such a blocking set
 can neither be minimal, nor 2-fold by [5, Theorem 13:28], nor t-fold with t¿3 by
[5, Theorem 13:31].
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